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Abstract
The principle objective of this paper is to study the accuracy and 
efficiency of two-way performance nesting techniques for structured 
grids between a coarse grid and a fine grid for 2D shallow water 
models using explicit finite difference scheme. This model consists 
of a higher- resolution (fine grid) model with nested 3:1 embedded 
in a low-resolution (coarse grid) model on which covers the entire 
domain. The formulation of the mesh nesting algorithm of the 
structure grid model allows flexibility in deciding the number of 
meshes and the ratio of grid resolution between adjacent meshes.

The two- way nesting is satisfied with an interpolating of the coarse 
grid domain to provide boundary conditions for the fine grid region 
and by updating the variables on the fine grid is suit- ably averaged 
onto the coarse grid in order to drive the coarse grid model.

Comparing the results of a fine grid and a coarse grid shows the 
two- way nesting technique to be working efficiently over different 
periods of time and these results indicate good performance of the 
nesting technique.
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do not show a dramatic difference between one-way and two-way 
nesting and one-way nesting is still used in some applications.

Sundstrom and Elvius [6] claim that two-way nesting may give 
larger errors than one-way nesting because of reactions caused by the 
change of phase speeds between the nested and coarse grids; however, 
they also do not give any examples supporting this assertion and 
further- more do not consider similar effects when using one-way 
nesting.

Phillips and Shukla [2] compared the re- actions of nonlinear 
two-dimensional shallow- water Rossby and gravity waves off of the 
inter- face of both one-way and two-way nested grids. They found that 
the solutions for a two-way nest were (almost invariably nearer) to a 
single- grid control case with the same resolution as the nested grid; 
however, they did not give any rigorous explanation for this beyond 
the basic fact that the coarse grid solution is influenced by that of the 
nested grid over the region on which the two grids coincide.

Clark and Farley [5] performed a one-way simulation of vertically 
propagating mountain waves that was considerably noisier than the 
same simulation performed with a two-way nest, but the majority of 
the errors in their one-way nest appeared to be due to reactions off 
of the nested grids upper boundary, which did not coincide with the 
coarse grids upper boundary.

Phillips and Shukla [2] compared the re- actions of nonlinear 
two-dimensional shallow- water Rossby and gravity waves off of the 
inter- face of both one-way and two-way nested grids. They found that 
the solutions for a two-way nest were (almost invariably nearer) to a 
single- grid control case with the same resolution as the nested grid; 
however, they did not give any rigorous explanation for this beyond 
the basic fact that the coarse grid solution is influenced by that of the 
nested grid over the region on which the two grids coincide.

Clark and Farley [5] performed a one-way simulation of vertically 
propagating mountain waves that was considerably noisier than the 
same simulation performed with a two-way nest, but the majority of 
the errors in their one-way nest appeared to be due to reactions off 
of the nested grids upper boundary, which did not coincide with the 
coarse grids upper boundary.

Rothstein and Ginis [7] and Shukla J Phillips [2] constructed a 
numerical technique to develop a two-way movable nested grid for 
meteorological applications. The grid points were not staggered and 
all meteorological variables have been defined at the same point.

Based on the literature reviewed, a two-way nesting technique 
can be used to embed a high- resolution grid into a lower-resolution 
grid of the entire domain, with interaction between the two domains 
occurring. Interaction between the two domains occurs by a coarse 
(parent) grid providing boundary conditions for the nested (child) 
domain and the high-resolution nested (child) grid solution is used 
to update a coarse (parent) grid solution in a common area. Through 
this approach the computational cost of a hydrodynamic model can 
be reduced. Two-way nesting techniques enable local characteristics 
in an area of interest to be modelled with a high level of accuracy, 
as well as showing how these features propagate into and affect the 
surrounding do- main in the low resolution area [8,9].

Introduction
Nesting is a fine mesh within a coarse mesh grid model represents 

an economical way to improve the horizontal resolution in ocean 
models and weather models. Best resolution of the horizontal scale 
can be obtained without requiring a fine resolution grid throughout 
the full model domain. This allows a more accurate solution to the 
Ocean thus, saving computer time and memory space.

A large number of researchers have used such multiply nested 
grids primarily to provide a more gradual change between grid 
meshes and to give smoother solutions near the boundary. The nested 
method involves the embedding of a higher resolution grid into a 
lower resolution grid, which covers the full model do- main. There are 
two main types of nesting procedures, a one-way or passive method a 
two-way or interactive nesting method [1-4].

Admonitions to use two-way nesting have occasionally seen in the 
literature [5,6], but the few examples given supporting this assertion 
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The present paper is arranged as follows: Description the nesting 
model in section

In section 3, discuss some numerical examples of 2D non-linear 
shallow-water model using explicit center finite difference and 
leapfrog schemes with Asselin-Roberts filter and compare the results 
when the model has the spacial refinement ratio 1: 3. Finally, in 
section 4, the main conclusions are summarized.

Description of Model
Governing equations

Consider the 2D depth-averaged nonlinear shallow water 
equation which contains the as follows (see [10,11]): 
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Where

x, y are the horizontal coordinates

t is the time

u=u (x,y,t) is the depth-averaged horizontal velocity in the x 
direction

v=v (x,y,t) is the depth-averaged horizontal velocity in the y 
direction

H=H (x,y,t) is the depth from the surface level to the bottom(water 
height)

ν is the horizontal turbulent viscosity

g stains for the gravity acceleration

f = 1.01 × 10−4 rad/s is the Coriolis fre- quency at 42° of latitude

ρ0 = 1033 kg/m3 is the water mean density.

η is the water level relative to rest
w
uτ is the bottom stress zonal component and b

uτ  is the wind 
stress zonal component

The finite difference scheme used in this model is based upon 
the alternating explicit center finite difference scheme in space and 
explicit leapfrog scheme with Asselin-Roberts filter in time by using 
t open boundary condition, we use linear interpolated scheme at end 
of time step in coarse grid domain and updating by averaging method 
at each end of time step in fine grid domain.

One-way nested methods

One-way nesting is applied on the models to generate a higher 
level of resolution in an area of interest. The nested domain is 

positioned so it is embedding the coarse domain. There are two kinds 
of the schemes for the running of a one- way nesting technique. The 
first scheme involves on the complete separation of the coarse and fine 
models with respect to simulation time. In this method, the coarse 
model is fully run for the model simulation time. The data required 
for the boundary conditions are stored in a data file to be used for the 
fine domain model that is then fully run for the simulation time. This 
method is known as an uncoupled modeling procedure.

The coupled modeling procedure is more at- tractive than the 
uncoupled, as it does not require large amounts of storage. In this 
method, the coarse model is run for one-time step and data required 
for the nested domains boundary conditions are assigned allowing 
the fine model to proceeds to a time step equal to the coarse do- 
mains. The coarse domain only proceeds to the next time step when 
the fine domain has been integrated [12,13].

Two-way nested methods

In a two-way nested model the coarse and fine grids are by 
necessity dynamically linked each influences the other and neither 
can be run in- dependently. The interaction in the direction of coarse 
to fine is similar in manner to one-way nested systems. The coarse 
model is integrated in time and the boundary conditions of the fine 
model are interpolated (in time and space) from adjacent parent grid 
points the fine model is the nested domain was contained entirely in a 
low - resolution coarse domain. Interaction between the two domains 
occurred through the interpolation of the coarse grid data at the 
interface between the two domains to provide boundary conditions 
for the nested domain, the high- resolution nested domain solution 
was used to update the coarse solution in the zone where the two 
domains overlap. The interaction between the two domains occurring 
in an area called the dynamic interface located near the nested do- 
main boundary [8,13].

The following figure shows an illustration of the grid configuration 
for a nested ratio of 3:1 (Figure 1).

Two-way nesting algorithm (nesting procedure)

The information on values fluxes and free- surface is exchanged 
on the boundaries between two nested grid regions. At each new time 
level, the values fluxes on the boundary of a finer grid are obtained by 
linearly interpolating both spatially and temporally, the values fluxes 
obtained from its outer parent grid. At each next time level for the 
outer parent grid, the free-surface on a coarser grid is updated by 
averaging, both spatially and temporally the free surface obtained on 
the inner finer grid. The procedure described holds for every pair of 
coarse and fine grid it can be summarised as follows:

Suppose all flux values in the finer and the coarser region are 
known at time level t = n∆t and we need to solve the finer region and 
the coarser region values at the next time step t = (n + 1)∆t. Since the 
coarser grid region and the finer grid region adopt different grid sizes, 
the time step sizes for each region are different due to the requirement 
of stability.

Case1: The time step of the finer region is one half of the 
coarser region

(a)-For the coarse model (outer domain):

i) Solve continuity equation to find 1/2n
cη +  using horizontal /

velocity components 
n
cu and 

1n
fu + at time level n. Elevations at time 

level (n−1/2) and the total depth H at time level (n-1/2)
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ii) Solve momentum equations for  and 1n
fv + using 1/2n

fη + .

(b)-For the fine model (inner domain):

The algorithm for the fine model requires more steps than the 
coarse model depending on the temporal refinement factor The 
following illustrates the situation where the temporal refinement 
factor p=2.

1. Solve continuity equation for 
1/4n

fη +
using n

fu , n
fv , 1/4n

fη −  and 
certain values of 1/2n

cη + and 1/ 2n
fu + which coincide with the fine grid 

open boundary points.

2. Solve momentum equations for 1/ 2n
fu + and 1/ 2n

fv + using 1/ 4n
fη +

3. Transform 1/ 2n
fv + and 1/ 2n

fv + from coarse grid onto fine grid and 
update model time

4. Solve continuity equation for 1/ 2n
fu + using 1/ 2n

fu + , 1/ 2n
fv + , 1/ 4n

fη +

certain values of 1/ 2n
cη + and 1/ 2n

cη − which coincide with the fine grid 
open boundary points.

5. Transform 1/ 2n
fη + from fine grid onto coarse grid using linear 

interpolation and update model time.

6. Solve momentum equations for 1n
fv + and 1n

fv + using 3/ 4n
fη +

Case2: The space and time refinement factor is 1:3

Step 1. Get the free surface elevation at t = (n + 1)∆t

Step 2. Get the free surface elevation at t = (n + 1/3)∆t in the inner 
region by solving continuity equation.

Step 3. Get the flux values at t = (n+2/3)∆t in the inner grid region 
by solving momentum equation.

Step 4. Get the free surface elevation at t = (n + 1) ∆t in the 
inner grid region by solving continuity equation, in this case the 
information of free surface transfer from inner to outeg by copy grids 
using dirchelet conditions.

Step 5. Get the flux values at t = (n + 4/3) ∆t in the inner grid 
region by solving momentum equation.

Step 6. Get the free surface elevation at t = (n + 5/3) ∆t in the inner 
grid region by solving continuity equation.

Step 7. Get the flux values at t = (n+2) ∆t in the inner region by 
solving momentum equation.

Step 8. Get the flux values at t = (n+2) ∆t in the outer region by 
solving momentum equation using free surface elevation at t = (n + 
1) ∆t (updated)

Feedback of Boundary Data
Interpolation techniques are required for effective data 

transmission as data is transferred between domains of different 
spatial and temporal resolution. There are two main goals for 
an interpolation scheme to be optimum: (1) to maximize the 
information being transferred and (2) to minimize the generation 
of noise.

Interpolation techniques used in the transfer of information from 
the coarse domain to the nested domain are usually of a polynomial 
form or a linear/bilinear form. 

Problems can arise with the use of polynomial techniques in areas 
of sharp gradients due to the formation of surplus oscillation of the 
interpolation variables. Therefore linear interpolation is more widely 
used for both spatial and temporal interpolation.

There are four main updating interpolation procedures for the 
transfer of information from the fine domain into the coarse domain 
(1) direct copy (2) basic averaging procedure (3) Shapiro and (4) fully 
weighted averaging procedure [1].

(1)- Direct copy is the most severe interpolation technique with 
only the nested grid point that lies directly in the region of the coarse 
grid point being used in the procedure.

, ,
c n
i j i jφ φ=

where ,
c
i jφ  represents the coarse grid point and ,

n
i jφ represents 

the nested grid point that over-lays the centre of the coarse grid cell.

(2)- The average procedure takes into account all fine grid points 
that are enclosed in the coarse cell [2]. This scheme is based on the 
assumption that the _ne grid variables over laying the one coarse grid 
cell have a uniform distribution of value.

( ), 1, 1 1, 1, 1 , 1 , 1, 1 1, 1, 1
1
9

c n n n n n n n n
i j i j i j i j i j i j i j i j i jφ φ φ φ φ φ φ φ φ− − − − + − + − + + += + + + + + + +

,
c
i jφ representing the coarse point that is being updated and ,

n
i jφ

being the fine grid values in the same cell.

(3)-The Shapiro interpolation scheme is based on the assumption 
that the nested grid point that lies in the central region of the coarse 
grid is of equal importance to the sum of the other nested grid points 
enclosed in the coarse grid cell [1].

1, 1 1, 1, 1 , 1
,

, , 1 1, 1 1, 1, 1

1
16 8

n n n n
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i j n n n n n
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Figure 1: Illustration of the grid configuration for a nested ratio of 3:1.
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(4)- The _nal interpolation scheme is the full weighted averaging 
method and assumes that the interpolated value used for the updating 
procedure should be influenced mainly by nested grid points close to 
the centre of the coarse grid point being updated and less by the more 
distant points [9].

1, 1 1, 1, 1 , 1
,

, , 1 1, 1 1, 1, 1

2 21
20 8 2 2

n n n n
i j i j i j i jc

i j n n n n n
i j i j i j i j i j

φ φ φ φ
φ

φ φ φ φ φ
− − − − + −

+ + − + + +

 + + + +
 =
 + + + + 

Spatial and Temporal Refinements
The grid element, the basic unit of the grid consists of three grid 

points which are the free surface elevation and the horizontal velocity 
components u and u with the spatial refinement factor being an odd 
integer m which is defined by:

c

f

λρ
λ

∆
=

∆

where ∆λc and ∆λf are the coarse and fine grid lengths respectively.

In the present model the refinement factor are 1:3 so the scheme 
is called a one-third-refinement model if the refinement factor is 3.

In this model refinement in time as well as space is carried out so 
the coarse spatial model uses the large time steps and the fine spatial 
model the small time steps. 

The general finite difference scheme used for both grids is three-
level in time .The time levels in one time step of the coarse grid and 
the corresponding levels in two equivalent time steps of the fine grid. 
It should be noted that the temporal refinement factor is defined by 

the integer ρ given by c
t

f

t
t

ρ ∆
=

∆
Results

This section highlights for a new technique of two-way nesting 
and Discuss some numerical examples of the 2D non-linear shallow-
water model using explicit center finite difference and leapfrog 
schemes with Asselin-Roberts filter with Dirichlet open boundary 
condition, we use interpolated scheme at the end of time step in the 
fine grid domain and updating by averaging method at each end of 
time step in the coarse grid domain. Also, Compare the results when 

the model has the spatial refinement ratio 1: 3. Finally, Coupling 
systems for the 2D non-linear shallow water equations are applied.

Example 1

In this example, we find the absolute error and relative error l2 
in one-way and two way nesting for 2D depth averaged nonlinear 
shallow water equations with non-rotated f=0 , _ = 0, wind and 
bottom stress =0, the space and temporal refinement ratio is 1:3 
at different value of time t= 10,20,30,40,50,100,200 days, when 
nx=ny=120 , dx=dy=9 , dt=0.01 in coarse grid, nx=ny=120 , dx=dy=3, 
dt=0.003 in fine grid using Dirichlet open boundary condition, the 
interpolation techniques used in the transfer of information from the 
coarse domain to the nested

domain are usually of a polynomial form or a linear form and for 
updating interpolation used average procedures.

The following figures represent the relative error l2 in one-way 
and two- way nesting grids (Figure 2).

Case 1: When the space refinement ratio is 1:3 and the temporal 
refinement ratio is 1:2

Example 2

In this example, we use a system of 2D depth-averaged linear 
shallow water equations (wind stress=0, non-rotated f=0) for finding 
the relative error l2 of the free surface in two-way nesting grid when 
the coarse grids contain more than one finer grid at difference times 
t=500 ,1000,... 4000 hour, nx=ny=120,dx=dy=9,time step=0.025 in 
coarse grid (the information about the coarse and fine grids are given 
in Table 1.)

The following figure shows the comparison for relative error l2 
between (coarse grid in level 1 and grid 21 in level 2) and relative error 
l2 between (coarse grid in level 1 and grid 22 in level 2) at different 
times of t=500,1000,...,4000 (hours) (Figure 3).

Example 3

In this example, we use a system of 2D depth- averaged linear 
shallow water equations (wind stress=0, non-rotated f=0 ) for finding 
the relative error l2 when a fine grids contain again one finer grid 
in another level (multi level) at difference times t=500 ,1000,... 4000 

Figure 2: Relative error l2 in one-way and two- way nesting grids.
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Information Grid 01 Grid 21 Grid 22 Grid 31 Grid 32
No. of grids 120×120 120×120 120×120 120×120

120×120
length grid size 9 3 3 1
parent grid non grid 01 grid 01 grid 21 grid 22
grid size ratio non 3 3 3 3
time step in sec 0.025 0.013 0.013 0.0063 0.0063
SWEs non-linear non-linear non-linear non-linear non-linear
Latitude   31-70 61-100 Jan-40 41-80
longitude   Nov-50 61-100 Nov-50 41-80
CFL — 0.7 0.7 0.6 0.6

Table 1: Shows the information for the different grids for the 2D non- linear shallow water model.

Figure 3: Comparison for relative error l2 between (coarse grid in level 1 and grid 21 in level 2 ) and relative error l2 between (coarse grid in level 1 and grid 
22 in level 2) at different times of t=500,1000,...,4000 (hours) .

hour, when nx=ny=120,dx=dy=9, time step=0.025 in coarse grid (the 
information about the coarse and fine grids are given in Table 1).

The following figure shows the comparsion for the relative error 
l2 in (level 1- level 2) and (level 2-level 3) at different times of t=500, 
1000,...,4000 (hours) (Figure 4).

Example 4

In this example, we find the relative error l2 for the 2D depth 
averaged nonlinear shallow water equation (V=0, the wind stress 
=0, f=0) when the coarse grids contain more than one finer grid 
at difference times t=500, 1000,...4000 hour, when nx=ny=120, 
dx=dy=9, time step=0.025 in the coarse grid (the information about 
the coarse and fine grids are given in Table 1) 

The following figure shows the comparison for the relative 
error l2 between (coarse grid in level 1 and grid 21 in level 2) 
and the relative error l2 between (coarse grid in level 1 and grid 
22 in level 2) at different times of t=500,1000,...,4000 (hours)  
(Figure 5).

Example 5

In this example, we find the relative error l2 for 2D depth averaged 
nonlinear shallow water equation (v=0, the wind stress =0, f=0) when 

_ne grids contain again one finer grid in another level at difference 
times t=500, 1000,...4000 hour, when nx=ny=120, dx=dy=9, time 
step=0.025 in the coarse grid(the information about the coarse and 
fine grids are given in Table 1). 

The following figure compares the relative error l2 between level 2 (grid 
21) and level 3 (grid 31) at different times of t=500, 1000,..., 4000 (hours).

Example 6

In this example, we find the relative errorl2 for 2D depth averaged 
nonlinear shallow water equation (v=0, the wind stress =0, f=0) when 
the second _ne grid contains again one finer grid in another level at 
difference times t=500, 1000,...4000 hour, when nx=ny=120,dx=dy=9, 
time step=0.025 in the coarse grid(the information about the coarse 
and fine grids are given in Table 1)

The following figure compares the relative error l2 between (fine 
grid 22 in level 2 and fine grid 32 in level 3) and (fine grid 21 in level 
2 and fine grid 31 in level 3) at different times of; t=500,1000,...,4000 
(hours) (Figure 6).

Example 7

(Case 1: Coupling (embedding) systems for 2D nonlinear shallow 
water equations.)
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Figure 4: Comparsion for the relative error l2 in (level 1- level 2) and (level 2-level 3) at different times of t=500,1000,...,4000 (hours).

Figure 5: Comparison for the relative error l2 between (coarse grid in level 1 and grid 21 in level 2) and the relative error l2 between (coarse grid in level 1 
and grid 22 in level 2) at different times of t=500,1000,...,4000 (hours).

In this example, we find the relative error l2 for 2D depth averaged 
nonlinear shallow water equation (v, wind stress and f=0), when the 
coarse grids contain only one finer grid at difference times t=500, 
1000,... 4000 hr, when nx=ny=120, dx=dy=9, time step=0.020 in the 
coarse grid (the information about the coarse and fine grids are given 
in Table 1)

The following figure Compares of the relative error l2 between 
level 1, level 2 and level 2,level 3 in case nonlinear shallow water 
equations (Figure 7).

Example 8

Case 2: Coupling systems for 2D linear / nonlinear shallow water 
equations.

In this example, we find the relative error l2 for 2D depth averaged 
nonlinear shallow water equation (v= 0, the wind stress =0, f=0) 
when the coarse grids contain more than one finer grid at difference 
times t=500, 1000,... 4000 hour, when nx=ny=120, dx=dy=9, time 
step=0.020 in the coarse grid (the information about the coarse and 
fine grids are given in Table 1.)
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Figure 6: Comparision for the relative error l2 between level 2 (grid 21) and level 3 (grid 31) at different times of t=500,1000,...,4000 (hours).

Figure 7: Comparision for the relative error l2 between (fine grid 22 in level 2 and fine grid 32 in level 3) and (fine grid 21 in level 2 and fine grid 31 in level 3 
) at different times of t=500,1000,...,4000 (hours).

In this case, By solving the system of 2D depth averaged nonlinear 
shallow water equations in 1st-level which contains a coarse grid 
and coupling (embedding) with the system of 2D depth averaged 
nonlinear shallow water equations in 2nd-level which contains a fine 
grid also, coupling (embedding) this system with the system of 2D 
depth averaged linear shallow water equations in the 3rd-level which 
contain another finer grid.

The following figure Compares for the relative error l2 between 
level 1, level 2 and level 2,level 3 using Dirichlet open boundary 
condition, we use interpolated scheme at end of time step in coarse 

grid domain and updating by averaging method at each end of time step 
in fine grid domain. It Compares of the relative error l2 between (level 1, 
level 2) in case non-linear and (level 2, level 3) in case nonlinear to linear 
2d depth averaged shallow water equation (Figure 8).

Example 9

Case 3: Coupling systems for 2D nonlinear / linear shallow water 
equations

In this example, we find the relative error l2 for 2D depth averaged 
nonlinear shallow water equation (v= 0, the wind stress =0, f=0) at 
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difference times t=500, 1000,...4000 hr, when nx=ny=120,dx=dy=9, 
time step=0.020 in coarse grid(the information about the coarse and 
fine grids are given in Table 1).

In this case, when solving the system of 2D depth averaged 
nonlinear shallow water equations in 1st-level which contains a 
coarse grid and coupling (embedding) with the system of 2D depth 
averaged linear shallow water equations in 2nd-level which contains 
a finer grid also, by coupling (embedding) this system with the system 
of 2D depth averaged nonlinear shallow water equations in the 3rd-
level which contain another finer grid .The following figure Compares 
for the relative error l2 between level 1,2 and level 2,3using open 
boundary condition, we use interpolated scheme at end of time step 

in coarse grid domain and updating by averaging method at each end 
of time step in fine grid domain.

The following figure Compares of the relative error between levels 
1, level 2 in case nonlinear to linear and level 2, level 3 in case linear to 
nonlinear 2d shallow water equation (Figures 9 and 10).

Summary and Conclusion
Accuracy and efficiency are two main indicators in evaluating the 

performance of the numerical models. The approach introduced in the 
paper presented the possibility of increasing accuracy and efficiency of the 
modelling results within a two-way nesting grid model. A new technique 
of two-way nesting algorithm is proposed. To verify the nested multiply 

Figure 8: Comparision of the relative error l2 between level 1, level 2 and level 2,level 3 in case nonlinear shallow water equations.

Figure 9: Comparision of the relative error l2 between (level 1, level 2) in case non-linear and (level 2,level 3) in case nonlinear to linear 2d depth averaged 
shallow water equation.
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Figure 10: Compares of the relative error between level 1, level 2 in case nonlinear to linear and level 2, level 3 in case linear to nonlinear 2d shallow water 
equation.

grid model, several numerical examples were presented and it was shown 
that two way nesting techniques perform better than the one-way nesting 
technique. In particular, two-way nesting ensures dynamical consistency 
between a coarse grid and a fine grid occurs frequently. Also, when using 
the ratio grid size 1:3 the connecting boundary conditions is very well. In 
general, good results are observed.
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