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Abstract

The Finite Volume Method (FVM) is a kind of numerical
analysis method that can take into account topography and
apply local subdivision cells as the Finite Element Method
(FEM). The Adjoint State Method (ASM) can easily calculate
the gradient vector of the objective function for the inversion.
The author developed a program that applied these methods to
3-D Magnetotelluric (MT) inversion and verified it using test
models. As a result, it was confirmed that the program can
perform analysis properly and efficiently considering
topography and subsurface resistivity heterogeneity.
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Introduction
The Magnetotelluric (MT) method is a geophysical exploration

method to estimate the resistivity structure in the subsurface and is
currently used in, for example, geothermal exploration and oil and gas
field exploration [1]. In the MT method, 3D analysis is now often
conducted to estimate the resistivity structure in the subsurface from
the acquired data, and the inversion programs were developed for this
purpose [2]. In addition, a comparison of them was also performed [3].

In the 3D MT analysis, forward modeling is performed to analyze
the propagation of electromagnetic waves into the subsurface. In
general, this calculation needs to be solved analytically. Hence, some
numerical analysis is necessary. For this purpose, the Finite Difference
Method (FDM), FEM, and FVM are often used (e.g., Sasaki).
Although FDM can be a simple discretization method, it is not easy to
apply the unstructured grid. On the other hand, FEM and FVM can
treat the unstructured grid and calculate electromagnetic response [4].

Further, inversion is also performed to estimate the 3D resistivity
model in the subsurface from actual data. This process needs to update
the current model based on the result obtained from the forward
modeling. MT inversion often uses the Jacobi matrix of the objective

function to update model parameters in inversion (e.g., Sasaki).
However, the computational cost of acquiring the Jacobi matrix is
enormous [5]. Uchida analyzed actual data using various mesh size
models and found that some require a large portion of the overall
computation time to calculate the Jacobi matrix. ASM is an efficient
way of finding the gradient vector rather than calculating the Jacobi
matrix from a point of computational cost [6]. The advantage of this
method is that the computationally expensive part is only one solution
of the adjoint equation, whose scale is the same as the forward
modeling, regardless of the number of model parameters or data.

The author developed a program that applied the FVM and ASM to
the 3D MT inversion to achieve efficient analysis considering the
unstructured grid. This paper reviews and discusses the methodology
and results of some example models.

Materials and Methods

Forward modelling
In general, the MT analysis combines Maxwell's equations in the

frequency domain to form an equation of only the electric or magnetic
field, which is then discretized and solved to obtain the electric or
magnetic field.

Some discretization methods exist including the Finite Difference
Method (FDM) FEM and FVM.

This program adopts the hexahedral cell-centered finite volume
method as the forward modeling. The advantages of this method are:

• The unknowns are placed at the cell center and discretized on the
cell surface using a simple method similar to FDM.

• Unstructured meshes can be applied as FEM, allowing calculations
with topography and local subdivision.

In MT forward modeling, the second-order Maxwell’s equations in
the form of the electric E or the magnetic H fields are often solved [7].
The H-forming Equation (1) is solved in this program (Figure 1).

Figure 1: Schematic cartoon that indicates how to calculate ∂H/∂ei
on the surfaces of cells and the locations of electric field. e1 and e2 are
parallel to the surface S. Note that this calculation can be applied to
not only the structured grid but also the unstructured and non-
conforming grid.
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where 𝜔 is the angular frequency, μ0 is the magnetic permeability of 
the vacuum, and ρ is specific resistance. In FVM, (1) is discretized 
after volume integration of both sides of Equation (1), and the left hand 
side is converted to surface integration by integral formula [8].

Where n is the normal vector of each cell surface, ∆S is the Area of 
each cell surface, ∆ and V is the Cell volume. Note that (2) is valid

with arbitrary geometry; therefore, if we can properly approximate ∇ 
× H term on each cell surface, it is possible to use unstructured meshes 
and local mesh refinement as FEM in Usui et al. For the air layer, (2) 
should be modified because of poor convergence. They can be 
achieved by converting and discretizing (1), assuming ρ is constant in 
the air layer, and applying the condition ∇ ∙ H=0 as follows:

where n=1⁄ρ. (3) is a general poisson equation, which should 
contribute to the computational stability in the air layer. This program 
solves (2) and (3) in the subsurface and the air layers, respectively. In 
(2), ρ on the cell surfaces are needed. This program uses the average as 
Taylor and Weaver and Mackie and Madden. For computational 
stability, a transition layer is provided between the air and subsurface. 
In this layer, the air resistivity is 106 Ω ∙ m on the surfaces between the 
air and subsurface (Figure 2).

Figure 2: Schematic cartoon of a 2D case that indicates where 
electromagnetic fields are calculated. H denotes magnetic field.

To discretize ∇H in the air layer and ∇ × H in the subsurface layer, 
∂H⁄∂xi on the cell surfaces, where i is 1, 2, or 3 and xi is a global 
coordinate system, should be calculated. This can be done by 
converting the spatial partial differentiation from the local coordinate 
system (e1, e2, e3) to the global coordinate system, as follows:

∂H/∂ei (i=1,2,3) were obtained by interpolation from the 
surrounding cells.

Boundary conditions on XZ and YZ planes are ∂H⁄∂n, where n is the 
normal vector. On XY of the subsurface side, H=0 is adopted. On XY 
of the air layer side, the boundary conditions are source terms of the 
modeling. The author set HX=1 and HY=1 in twice forward modeling 
to obtain response functions, respectively.

Through these operations, (2) and (3) are discretized, and the linear 
equation Ax=b (A: Coefficient matrix, x: Unknown magnetic field 
vector, b: source term) can be assembled. We can obtain H by solving 
this equation.

To solve the linear equation, this program adopts BiCGSafe [9] 
with block incomplete LU decomposition as a preconditioner asToh et 
al. We set the convergence condition using the maximum change of 
the solution from the previous iteration

∆∆xi
max=max (xi−xi−1), where I is iteration number and the residual 

ri=Axi-b.

Where ε is tolerance.

The divergence correction for subsurface layers is applied as Dong
and Egbert, adding a term λ∇ (∇ ∙ H), where λ is the scaling factor, to 
equation (1). In this program, λ is set to ρ × min (1, kω), where k is the 
safety factor equal to 0.1 because the large value of λ resulted in poor 
accuracy solutions, especially in long periods.

Once magnetic field H is obtained, the electric field E is necessary 
at the cell center to calculate the impedance tensor. The following 
equation is used for this calculation.

Based on equation (6), the electric fields of two directions parallel
to cell surfaces are calculated on each cell surface (Figure 1).

where Ecenter is the required electric field at the cell center, Eparallel is 
the electric field on the cell surface calculated from equation (6), p is 
the unit vector parallel to the cell surface, i is unit vector directions (1 
or 2), and JJ is cell surfaces number (from 1 to 4). The component of 
the electric field orthogonal to cell surfaces is excluded because it is 
not continuous on cell surfaces. From equation (7), eight equations 
associated with Ecenter in each cell can be obtained. Therefore, Ecenter
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can be calculated using the least squares method Because Ecenter has
three components. Using H and Ecenter, the impedance tensor and
magnetic transfer function can be obtained in the same way as in Usui.

Since this program uses the cell-centered FVM, it is necessary to
use the surrounding cell-centered magnetic field to obtain the electric
field at the cell surface. This program calculates the impedance tensor
and magnetic transfer function on the earth's surface using the
electromagnetic fields in the transition zone and near-surface cells, as
shown in Figure 2, which is a 2D case.

For the calculation of an impedance tensor with distortion, the
method adopted by Ogawa is used.

where Zcalc is the calculated impedance tensor affected distortion, D
is the distortion tensor, and Z is the originally calculated impedance
tensor.

Note that C++ language is used to implement this program, and the
library Eigen Jacobi, Guennebaud, and other contributor is used for
the internal matrix operations. Parallelization is implemented by
OpenMP. The linear equations Ax=b at each frequency are solved on
each thread.

Inversion: In this program, ASM is implemented for MT inversion.
The details are described in Plessix.

In MT inversion, an objective function F=F(m), where m ∈ ℝN
model

is the vector of model parameter, and Nmodel is the number of model
parameters, should be minimized. In ASM, the objective function F is
considered as whose independent variables are m and x ∈ ℂ3Ncell,
where x is the solution of linear equation Ax=b in forward modeling
and Ncell is the total number of computation cells, that is,

Next, the adjoint equation is solved about λ.

Note that (10) is the same scale equation as Ax=b. Hence, the
computational cost is roughly the same as solving Ax=b. The gradient
vector of the objective function can be obtained using λ as follows:

where i is from 1 to Nmodel. Note that ∂F (m, x)/∂mi and ∂F (m, x)∗/
∂x are calculated by automatic differentiation using library kv. The 
objective function F is set as below in this program.

where dobs is the observed data vector, dcalc is calculated data
vector, W is weight matrix, R is smoothness matrix for constraint
term, which is necessary in ill-posed MT inversion, Nsite is the total
number of observation sites where impedance tensor is obtained, Dn ∈
ℂ2 × 2 is distortion tensor in each observation site n as described in
Ogawa, I is identity matrix, α2 and β2 are trade-off parameters.

To minimize the objective function F with the gradient vector,
Adam is implemented, which can be switched easily because the
library OptimLib is used internally.

Results and Discussions

Numerical examples
Forward modelling considering topography: To evaluate if the

developed program can consider topography, the trapezoidal hill
model, which is often used to validate the effect of topography Figure
3 was adopted.

Figure 3: (a) XY and (b) YZ plane with used mesh of trapezoidal
model in Nam et al.

The minimum size of cells was 25 m × 25 m × 10 m and the total
number of cells was 519,456. The resistivity in the air and the
subsurface was 106 and 100 Ω m respectively. The calculated
frequency was 2 Hz. These conditions are the same as previous works.
The computer we used was Precision 3630 Tower (CPU: Intel®
Core™ i7-9700 CPU 3.00 GHz, RAM:16 GB).

Citation: Suzuki A (2026) Development of a Three-Dimensional Inversion Program for Magnetotellurics Using Finite Volume and Adjoint State Method.
Geoinfor Geostat: An Overview 14:1.

Volume 14 • Issue 1 • 1000444 • Page 3 of 6 •



The results are shown in Figure 4. The results are compared to Zhu
et al. Except for some points, these results are mostly consistent with
each other. The gaps between them would be caused by the difference
in the discretization method, as which Zhu et al. adopted FEM, and the
size of cells. However, since the differences are quite small, it would
not influence when the inversion is performed.

Figure 4: (a) Apparent resistivity of YX mode and (b) XY mode.
(c) The phase of YX mode and (d) ZY mode of 2 Hz. Blue lines and
diamonds denote our results. Black dashed lines represent the result in
Zhu et al.

Forward modelling considering resistivity heterogeneity: As a
test case for heterogeneity of subsurface resistivity, the model in
Mackie et al. was adopted (Figure 5). The total number of cells was
370,712, with minimum size of cells 500 m × 500 m × 200 m. The
resistivity in the air and the subsurface was 106 Ωm. The compared
frequency was 10 and 1000 s. The computer used is the same one used
in the Trapezoidal hill model.

Figure 5: (a) XY and (b) YZ plane of the resistivity structure
model in our forward calculation after Mackie et al. Transparent black
lines denote cell edges.

The results of apparent resistivity and phase in cross sections along
the Y direction at X=0 m for periods of 10 and 1000 s are compared
with Mackie et al. in Figures 6 and 7. While there are some small
differences, the results are in good agreement with those of Mackie et
al.

Figure 6: (a) Apparent resistivity of YX mode and (b) XY mode.
(c) The phase of YX mode and (d) ZY mode of 10 s. Blue diamond
denote our results. Black dashed lines represent the result in Mackie et
al.
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Figure 7: (a) Apparent resistivity of YX mode and (b) XY mode.
(c) The phase of YX mode and (d) ZY mode of 1000 s. Blue diamond
denote our results. Black dashed lines represent the result in Mackie et
al.

Inversion for Dublin secret model 2: The author performed 
inversion using Dublin Secret Model 2 (DSM2) in Miensopust et al. 
This model was used as a comparison between different programs. 
The synthetic observed data of impedance tensor are openly available 
in Miensopust et al. The author used them as observed data.

The total number of cells was 223,784. The number of cells that 
were inverted as model parameters is 187,172. The number of degrees 
of freedom was 671,352. The minimum size of cells was 2000 m × 
2000 m ×100 m. The initial resistivity was 100 Ωm. The total number 
of calculated periods was 10, from 0.025 to 1000 s. The author initially 
set α2 to 100 and lowered it after the convergence criteria were 
achieved. The criteria were that the maximum change of model 
parameters or the change of objective function from the previous 
iteration was below 0.3 %. For simplicity, β2 was set to the same value 
as α2. The computer for this calculation was Dell XPS 8950 (CPU: 
Intel® Core™ i7- 12700 K 3.60 GHz, RAM:64 GB).

The results of the inverted resistivity structure compared to the true 
model are shown in Figure 8. The author adopted the model when α2

was 0.1, judging from the L-curved figure between RMS and model 
roughness (Figure 9) as in Usui et al. The resistive and conductive 
anomalies shallower than 10 km are inverted. While the conductive 
anomaly is connected to the one deeper than 30 km, this would be 
caused by low sensitivity under the conductive anomaly, as mentioned 
in Usui. In the conductive layer deeper than 30 km, the value of our 
result is a little high. This may be improved when data in longer 
periods are used.

Figure 8: Each cross-section of the true DSM2 model in
Miensopust et al. and our results. (a) True model and (b) Our inversion
results.

Figure 9: The L-curve picture of our inversion results. The vertical
axis and horizontal axis are RMS and model roughness in each α2,
respectively. We chose α2=0.1 (red one) as our final result.

Considering that the synthetic data is distorted according to Groom
and Bailey and has 5% random noise of maximum impedance tensor
value, the results of our program seem in agreement with the true
model. A comparison of the results of Miensopust et al. would also
support the agreement.
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The total calculation time was about 20 hours. Usui calculated the
same model in about 15 hours, with a number of degrees of freedom
of 687,599, roughly the same as our calculation. Our calculation was
performed without MPI parallelization, while one in Usui did with it.
Nevertheless, we could obtain the results at a comparable time as
Usui, although the conditions of computation, such as the computers
and the total number of calculated frequencies, were different. Further,
our calculation was conducted on an ordinary personal computer. They
would suggest the efficient performance of our program.

Conclusion
The author developed a program for 3D MT inversion. For forward

modeling and inversion, FVM, in which topography can be considered
smoothly, and ASM, in which the gradient vector of the objective
function can be efficiently obtained, were adopted, respectively.

As test models for forward modeling, the trapezoidal hill model in
Nam et al. and a model that contains resistivity heterogeneity in
Mackie et al. were calculated. The differences between our results and
the previous works were slight. Therefore, the program can calculate
the wave propagation correctly.

For the test model of inversion, the author adopted DSM2. The
results were in good agreement with the true model and the ones in
previous works. The calculation time was also comparable to the
previous work with an ordinary personal computer. As a future work,
in addition to OpenMP parallelization, MPI parallelization would be
necessary for our program to perform more efficient calculations.
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