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Abstract
Simple asymptotic expressions have been obtained for the 
spectral density of the field and energy losses of Cherenkov 
radiation from a magnetic dipole with a constant magnetic 
moment moving uniformly in a medium with superluminal 
speed. The spectral density is calculated by Fourier 
transforming in time an arbitrarily moving magnetic dipole 
previously obtained in a more general form from the relativistic 
vector magnetic potential. The Fourier inversion integration was 
performed using the asymptotic saddle-point method. The 
conditions and angular size of the Vavilov-Cherenkov cone of 
radiation are derived. It is shown that the radiation waves 
propagate at a sharp angle to the direction of the dipole's 
motion, and the spectral density of the radiation field is directly 
proportional to its frequency raised to the power of three halves. 
The results are compared with previously known ones. It is 
found that the expression for energy losses per unit length of 
the dipole's path is identical to Frank's result when the dipole 
moment is parallel to the velocity of motion.

Keywords: Analogy method; Electricity and magnetism; 
Potential; Electric field; Magnetic field; Dipole

Introduction
It is known that Tamm and Frank Nobel Prize laureates, proposed

the mechanism of Vavilov-Cherenkov radiation for charged particles
and a quantitative theory based on classical electrodynamics
equations. Later, Ginzburg and Fermi generalized and gave a quantum
description of the Cherenkov ect. However, it is worth giving the final
historical tribute to the English physicist and mathematician Oliver
Heaviside and the German physicist and mathematician Arnold
Sommerfeld for predicting the radiation from a uniformly moving
charge at super-light speeds, which Heaviside had already made by
Sommerfeld [1-7]. However, the emergence of the theory of relativity
in 1905 led to the conclusion that a charge cannot move at a speed
greater than the speed of light. Therefore, their work was forgotten for
many years, and no one thought to consider the motion of a charge not
in a vacuum, but in a medium.

The above-mentioned classical theory for charged particles is quite 
accurately consistent with experiments, so it can be considered that the 
quantum theory is only useful from a methodological point of view.

The Cherenkov ect has found wide application in physics, for 
example, Cherenkov counters allow for the detection of particles with 
high velocities and the differentiation of two particles arriving almost 
simultaneously, determining their mass and energy. Such a detector 
was used in the discovery of antiprotons, antineutrons, and other 
elementary particles [8-13].

The problem of radiation by a superluminal particle in a medium 
with an electric dipole moment was considered by Frank [14]. The 
theory of Cherenkov radiation for linear electric and magnetic multi-
poles was developed in the well-known works of Frank, Ginzburg and 
other authors [15-18]. In this case, magnetic multi-poles were 
considered as a combination of magnetic charges, and the wave field 
was considered as a result of interference of waves emitted by the 
charges that make up the field. In other words, all the aforementioned 
approaches are essentially based on the principle of superposition 
using the Lienard-Wiechert charged particle potential technique.

However, for a magnetic dipole oriented perpendicular to the 
direction of its motion, when the velocity of the dipole is equal to the 
phase velocity of light in the medium, the radiation energy is not zero, 
which does not correspond to the truth or the formula is inapplicable 
in this case. The question of this anomaly, found as early as 1942, has 
been discussed repeatedly and remains open to this day.

Our method, based on the vector potential of the dipole, is free from 
techniques such as using magnetic charges and wave interference, as 
well as taking into account the polarization of the medium as the 
dipole passes through it. This paper considers the radiation of a 
magnetic dipole with a constant dipole moment, uniformly moving in a 
medium with superluminal velocity. Essentially, this paper is a 
continuation of the application of previously obtained results in 
solving a new problem Cherenkov-Vavilo radiation [19].

An expression for the spectral representation of the field of a point 
dipole will be obtained by Fourier transforming the general solution 
which will easily allow us to consider the losses of Cherenkov-Vavilov 
radiation energy.

Materials and Methods

Spectral representation of the Cherenkov radiation field
The field of radiation from a magnetic dipole in the ultra-relativistic 

case can be represented as:

Where the magnetic dipole moment M is assumed to be constant. It 
should be noted that n=R/R is the unit vector directed towards the 
observation point r from the location of the dipole (with the radius 
vector r(τ)), R(τ)=|r-r(τ)|where τ is the moment in time that determines 
the location of the dipole, which is the root of the equation t-τ=R(τ)/c, t 
is the moment in time at the observation point r, t-τ is the time delay, 
and c is the speed of light in the  medium.  The  spectral  representation
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of the Vavilov-Cherenkov radiation eld can be obtained by calculating
the Fourier transform of the expression:

We will only switch to the limit constant value of the dipole speed
(u=βc) in the final expressions of (2). Using the expressions

The expression in (2) can be written as

Let us integrate this integral by parts:

In the far zone r » r(τ), taking the factor n/R outside the integral,
since it is valid phase function [19].

Integrating by parts again and taking into account the expression for
the derivative of R(τ) [19].

We bring the integral to a convenient form

It is expedient to evaluate the integral using the saddle point
method, for which we expand the phase function in a Taylor series:

At the saddle point, which is determined by the condition:

Which can be represented as: τ0=r(τ0)/u,

For convenience, we align the coordinate system with the location
of the dipole at the initial moment.

Note that expression (11) coincides with the condition for Vavilov-
Cherenkov radiation, which determines the angular size of the
radiation cone:

Taking into account expression (7) and evaluating the second
derivative at the saddle point, we obtain

Which allows us to use the saddle point method to find the
asymptotic representation of the electric eld strength in the frequency
domain as

The integration path in equation (9) passes from left to right [-∞-i0,
τ0-i0], [τ0+i0, ∞+i0] shifted parallel to the real axis by small negative
and positive imaginary quantities respectively before and after the
saddle point τ0. The contour at the saddle point intersects the real axis
at an angle of π/4. Note that it is useful to have in mind the integral

In the wave zone (r>r(τ)), taking into account the estimation

Away from the observation point, we can determine the value of the
phase function Φ equation (5) at the saddle point.

Here, using equation (10) and (12), we have the expression

Thus, the spectral density of the radiation field of a magnetic dipole
can be expressed as Figure 1.

Figure 1: Cherenkov radiation of a dipole.

The condition for applying the saddle point method, Φ″(τ0)»1, is
equivalent to the condition β>1, which is consistent with equation
(12).
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It should also be noted that due to the scalar product in equation
(16), the wave vector is parallel to the radius vector and, according to
equation (11), makes an angle θ with the velocity vector. From this,
we can conclude that the wave front of the radiation is conical. Indeed,
we obtain the equation for the generating cone

by rewriting the phase Φ(τ0) in equation (14) with (12) in
cylindrical coordinates.

Energy losses of a point dipole due to Cherenkov radiation
To calculate the energy losses of a point magnetic dipole due to

Cherenkov radiation, we surround the trajectory of the dipole with a
cylindrical surface of radius ρ and length l, with its axis aligned with
the z-axis.

The energy loss per unit time is determined by the flux of the
Poynting vector S through this surface.

Therefore, the expression for energy losses can be easily obtained
as

Taking into account that

As obtain the following formula for Cherenkov radiation

Let us consider a simpler special case when the magnetic moment
is oriented (M ⇈ u) in the direction of motion (along the z-axis).
Therefore, it makes an angle θ with the direction of wave propagation,
i.e.|M × n|=Msinθ.

Due to the axial symmetry of the fields, the integrand does not
depend on the angle ᵩ, i.e. the radiation is the same along all the
generatrices of the cone. Therefore, the integral in equation (20) over
ϕ is equal to 2π.

Taking into account the above and noting that ρ=rsinθ we substitute
the expression for the electric field equation (18) into (20):

Here, the integrand function

Determines the energy radiated per unit path length and frequency
ω. It is important to note that the obtained expression for the losses
due to Vavilov-Cherenkov radiation, Wω, turned out to be identical to
the result of Frank's work, obtained and verified by different methods
[15]. Indeed, to verify the validity, it is sufficient to make the
following substitutions in equation (22): c → c/n, β → nβ (n is the
refractive index of the medium), since the notation of the speed of
light is used in the medium, not in a vacuum.

Results and Discussion
A simpler and easier way to determine the spectral density of dipole 

radiation from the Vavilov-Cherenkov effect equation (18) in our 
opinion is the Fourier transformation in time of the expression for the 
electric eld of a dipole moving arbitrarily with a variable magnetic 
moment, obtained in the works of Geras and Sautbekov using different 
methods [19,20]. As a result, it becomes possible to determine the 
energy loss per unit length Wω.

In the special case when the dipole moment is parallel to the 
velocity and, as a rule, the radiation fields have axial symmetry, we 
have the same formula for Wω obtained earlier by Frank [15].

It should be noted that in reality, the case of a magnetic dipole turns 
out to be much more complex when the moment is oriented 
perpendicular to the velocity, since Vavilov-Cherenkov radiation along 
the cone generators is anisotropic. Perhaps for this reason, the results 
of the works and obtained by different methods, differ [21].

In order to choose a solution with reliable accuracy among them, in 
future works we plan to apply the vector potential technique [19]. In 
the proposed method, asymptotic integration by the saddle-point 
method can be replaced by an exact integral, thanks to the vector 
potential of the dipole for Vavilov-Cherenkov radiation.

Along with this, a resonant problem arises related to the electric 
dipole, as a moving particle with a magnetic moment additionally 
induces an electric moment and contributes to the overall solution. 
The final results should satisfy, in our view, the principle of duality, 
due to the symmetry of Maxwell's equations [22].

It should be noted that the dipole moment of the particle, unlike in 
the above-mentioned works, is considered by us as a vector physical 
quantity. This allows us to avoid additional assumptions and routine 
procedures, such as considering the dipole as a system of individual 
charges or interference of waves emitted by individual charges of the 
dipole, as is the case in standard approaches.

Conclusion
Simple asymptotic approximation of the spectral density of the 

Vavilov-Cherenkov radiation electric field equation (18) and an 
expression for energy losses equation (20) have been obtained.

It has been shown that Vavilov-Cherenkov radiation waves, 
represented as an asymptotic expansion of a cylindrical Bessel 
function, propagate at a sharp angle θ that determines the angular size 
of the radiation cone equation (12) with respect to the direction of the 
dipole's motion, and the spectral density of radiation is directly 
proportional to its frequency raised to the power of 8 three halves.

The identity of the expression for energy losses per unit path length 
Wω in equation (22) with the result obtained by Frank has been 
compared and discovered when the dipole moment is parallel to the 
velocity of motion. The obtained expressions may be useful in further 
studies of the spectral analysis of magnetic dipole radiation, especially 
with an induced electric moment.
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