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Abstract

In this paper we present the sensitivity analysis on regime switching
models applying the techniques of Malliavin calculus. As is well
known, risk management in portfolio pricing and hedging is often
achieved by estimating the Greeks, which are price sensitivities
relative to variations in the model parameters. By developing this
method for sensitivity analysis, we have multiple versions of Greeks
expression, optimization by minimizing the variance of weight is
available among those alternatives. Although the classical Malliavin
calculus approach requires the differentiability of the payoff function,
we extend the results for models with non-differentiable payoff
function.
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Introduction

Emerging interests focus on sensitivity analysis with its wide
application in risk management, especially for hedging strategy. In
particular, Greeks are the sensitivities with respect to parameters in
the generalized Black-Scholes’ models. Starting from Fournié et al.
[1], Malliavin calculus is applied for computation of Greeks such
like Delta (A), Rho (p),respectively representing the sensitivities of
option value to spot price, risk-free rate. Via this approaches, fast
algorithms for Greeks computations are designed. Following the
method initiated on the Wiener space in Fournié and El-Khatib et
al. [1,2] calculates the Greeks in a model of jump process driven by
Poisson jump times. By Debelley et al. [3], sensitivities in a jump
diffusion model are computed by using the Malliavin calculus. By
Davis et al. [4], Malliavin calculus is applied for Levy processes and
integration by parts formula is developed for Greeks calculation,
where the computational effciency is assessed by comparison through
Monte Carlo simulation. Using the Malliavin calculus on Poisson
space, [5] computes the sensitivities for European and Asian options
simulated by jump type diffusion. Applying the Malliavin calculus
in time inhomogeneous jump-diffusion models, Denis et al. [6]
obtains an expression for the sensitivity Theta of an option price as
the expectation of the option payoff multiplied by a stochastic weight.
Also, Bayazit et al. [7] presents sensitivities for options when the
underlying dynamic follows an exponential Levy process. For other
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recent works on computation of Greeks in asset price models, c.f. also
Denis and Liu [8,9].

On the other hand, Regime-switching models have been
introduced by Hamilton et al. [10] in discrete time and are among the
most popular and effective risky asset models. The regime switching
property is reflected in the changes of states of a Markov chain, which
stands for the influence of external market factors. Intensive researches
about asset pricing and trading are modelled with Markovian regime-
switching, such as Yao et al. [11], Kim et al. [12], Liu and privault
[13,14]. In this paper we compute the Greeks by Malliavin calculus in
a generalized Black-Scholes model with regime switching that reflects
the underlying changes in the state of the economy and extend the
results for models with non-differentiable payoft function.

Applying the Wiener-Malliavin calculus, we compute the
sensitivities in the framework of the regime switching model (2)

below. For any payoff function ¢ec,(R) with bounded derivative,
value function V given by (3) below, and any g: {1,...,m}>(0,e0), we
show by Proposition 3.1 that

—rT
) €7 p ¢(XT)W(g)|X0=xo,ao} M
0ox, X, <0', g)

Where <O‘, g) = JOT o(a,)g(a,)ds note that optimal choice of g for
efficient Monte Carlo simulation is achievable, by Section 4, the choice
of g such that g(i)=0(i) for all i€{1,..., m} minimizes the variance of
the weight of A. Other Greeks like I, vega, A are similarly computed
in Subsection 3.2-3.4. Moreover we note that,

A

i) Given ¢ec,(R differentiating the payoff function ¢ inside
expectation tends to be easier than our approach applying Malliavin
calculus.

ii) In the right-hand of the expression (1), no derivative of the
payoft function ¢ appears any more.

Based on these observations, it is tempted and necessary to relax
the restriction of ¢. Therefore, by Section 5, we extend the results to a
class of non-differentiable payoff functions.

Formulation

Consider a standard Brownian motion (W) .. and a Markov
chain (a,) ., assume that they are independent and the Markov chain
a,has a state space M={1...., m}.Consider the stochastic process (X,)

given by the following SDE:
dX =X [u(a)d +o(a)dW ], 0 <tT, (2)

tER+

with X =x,>0, ¢ €M, and y:M~> R and 0: M>(0, =), are deterministic
functions. Denote the filtration generated by (B)) .., and («) .., as (F,)
Given a payoff function ¢ on R consider t

tER+ tER+ tER+"

he value function V(x,, «,) defined as follows:
Vix, a)=e™E[@(X,)|X, = x,, ] 3)

Where (X)) o follows SDE (2), r>0 denotes the risk-free rate.
Then we proceed to compute the sensitivities of V(x, ) to the changes
of coefficients in this model, such like X =x,, y#, 0 and even Q-matrix.
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To begin with, we recall some Malliavin operators. For any random
variable FEL*(),P) of the form:

F= ([ (@ )aW, e [ (@) AW, [y () )

For neN , fec'(R™), and deterministic functions h; M>R,
i€{0,1,...,n}. Given FEL*(Q,P) in the form of (3), the gradient of F is
defined by

DtF = iakf(f/q(“s)dWS"'~>LThn(“S)dws’forho(as)ds)m(a,), (4)

For t€[0,T]. For any deterministic function g : MR we define

W(e)= || g(a)am, (5)

DF = jOT D/F,(a,)dt (6)
for any random variable FEL*(Q),P) in form of (3).
Computation of the Greeks based on the Partial
Malliavin Calculus

In this section, we proceed the computation of the sensitivities
of V(x,, ,) to the changes of coefficients in this model, such like X,
W Flrst in this section, we assume that @ € C;,(R and has bounded
derivative, extension to non-differentiable payoff function will be
shown in Section 5.

Variations in the initial price

The sensitivity of value function (2) to the initial price X, is given
by the following proposition:

Proposition 3.1 For any payoff function ¢ € c;(R with bounded

derivative (X )lE[0 . defined in (2) and any g: M>(0,00), we have
ov(x,, -
Wlwen) e bl g,) M) | x, @
0x, X, ( g)
Where

y=[ (@)g(a,)ds
Proof

First we check that the right-hand side of (7) is well defined by the
following points,

i) (o,g)=¢>0a.s. for some >0, since o(i)>0 and g(i) > 0 for all iM

ii) We show that ¢(X,) W(g)/ (o-, g> is integrable. Since

{ W (g) } Jy &' (@as
E T |=E T
(0.2) (joTa(aj) g(al‘)ds)

max {g”(i):i € M}
T Tmin{c’()g’(i)ieM

<o

and E¢(X,)*]<ee for ¢ is a bounded function, we claim the integrability
of p( X, )W(g)/{0,g).

For the left-hand side, we need to show that V(xo,ao) is
differentiable with respect to x,. Since ¢ has bounded derivative, there
exists a K >0 that [0¢(x)/9x|<K_ for any x€ER. We have the solution to
the SDE (2)

X, =x, exp( [ (e, —%az(au)du + j;cr(au)dwuj,t e[0,7]  (8)

it follows that

0d(X.

O0Pp(X;) _ 4 X)
0x, X,

which is uniformly bounded by an integrable random variable X K /x,.
Therefore by V(xo,ao) is differentiable with respect to X =x,and

6V(x0,a0) o7
0Ox,

0p(X ©
:E{ 2 T)|X0:xo,%}

%o

E[¢(X )X, —xosao]

Then we continue to prove (7). It follows from (8) that X, €L7(Q,P)
in form of (2), and we have

D X,=X (0,8)>0 (10)

Since the payoff function ¢ec,(B, ¢ (X,)EL(Q,P) and is in
form of (2), we have the following chain rule:
Dg(p X)=¢(X) Dng for any g: M->(0,0). (11)
Hence by (8-10) we see that
oV (xy,,)
0x,

=e"TEl:D¢(T)X | X, =x,, O:I (12)

DX, x

_ o7 EI:Dg¢(XT)
(0.2)

Denote by F_a filtration generated by {a,; t€[0,T]}, it follows from
the integration by parts formula by Lemma 1.2.1 in Nualart et al. [15]
and the independence between (W) and (e that,

D, ¢(X;)
E g
{ (0.8)

_ E[Dg"‘(’(f)mo .

= e’TE{qﬁ'(XT)ZXT | X, = xo,ao}

Xo

| X, = xo’ao:|
X,

0

(€[0,T]

| X, = x09a0:|

€10.7]
F, 11X, =%0,
0.g)
W(g)

=E |:¢(X)< g)XO_'xO’Fai||X0_X0’aO:|

- E| px,) &) x, —xo,ao}

(0.8)

for any g: M-(0,00). By (12,13), we obtain,

" [¢(X Y&y, = xo,ao}
%o (0.g)

Variations in the initial price for second order

A=

As in most context, the second derivative of the value function
with respect to the initial price is denoted as . Similarly, we have,

Proposition 3.2 For any payoff function ¢ < c; (R) with bounded

derivative, g: M>(0,0), and (X,) o defined in (2), we have

T
Where (0, ¢) = [ o(a,)g(@,)ds and | gli= [ g*(@,)ds

Proof.
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17)

=0

Pra0at) o (e [ W@ vega = &7 G )
ox; ox, | X, (o.g) oo oe

B erTEV(XT)W(g) Note that the solution to (15) is

o (0.8)

X
L0 e
X, OX, <0',g>

‘ X, = xovao:i . 1 .
X7 =x, eXpUO ) = — (o () + &) du + jo (o(au) + g)quj

| X, = xo,%} For t€[0,T], we compute Vega by the following proposition.

1 Proposition 3.3 For any payoff function ¢ €¢,(R) with bounded

- L gx W
= —exTE %| Xo=xp,0, derivative, g: M>(0,%0), and (X)) ., , defined in (2), we have
0 L ? .
ot [ W X 0.6
+€x E <o_(g)>¢'(XT)TX0:x0’a0} (13) Vega=M 520
o L8 %o oe
-7 [ X W 1 ’ ’
g PV W, ()~ || gle,)ds—W(g)], o(a,)ds
Xo L <O',g> i =e " E|¢(X;) <O‘ g) | X, =0, (18)
- [ ’
e gl e Dg¢(XT)ﬁ|XO — .
X |(o.g) DX, x Where (a,g) = L o(a,)g(a,)ds

__ e’ E[gﬁ(X W (2) X, =x .a ] Proof. By the integration by parts formula and chain rule we have,
2 0 0270
% (o.8) oe
V7" (x,, ) :QE[E,TMX;SNXO :xmao:l
e | DX W () o o
B — 5 X, =%, r X
Xo <O_,g> =¢"E #(X77) aT ‘Xo:xoaao:|
&
Where (0,g)>0 a.s. By the chain rule of derivative and the . .
independence between (W) ., and (&) ., , we have =¢"E %Xﬁg (Wr 7.[; o‘(au)dung) | X, = xo,ao}
W(g) o
E|D4(X,) 1 X,y = % [ Dpxge r
[ (U,g} 0 =% o} =¢"E ﬁ(Wl.fL’ G(au)dung)lXO:xo,aO:‘
_ XD ) _ I , (19)
= E|:Dx [ <O‘,g>2 J| X, = xo>“o:| =eE ng (¢(X;”")(WT —_L o-(a“)du—eT)) | X, = x(,,a(,:l
_ (14) -
_Els(x)D g |y - _ | PXT) _qr _ _
|:¢( ) g[<0_,g>z] 0 xo,a0:| e E7<a+g,h>Dg (WT j.o o(a,)du gT)\X0 Xy, 0
. ¥ g a)d g SXTIW@ (7 ) _
:E|:¢(X,.)W(Zg) X, zxm%}E #( )IO g gas) s X, =5 =e¢"E oo (W, L o(a,)du gT)|X0 =X, 0,
<O‘,g> <O‘,g> : T
. . . . . 18X e(as)
where in the last line we applied the integration by parts formula. -"E 7"}’\ X, =x,,a,
Substituting (14) into (13), we see that (o+eh)
0V (x0,0) B T £l o) W(g)—| gl —W(g)(a,g) for any deterministic function g: MR, e€ER. Note by (18) that
o X 7 <o-,g>z lim X7* = X,, £[0,T] a.e.,

Where (cr,g) _ J‘To.(a )g(a,)ds >0and || g |= J‘ng(a )ds >0 the expression Vega in (18) is obtained by passing € to 0 in (19).
0 s s 0 5

Variations in the diffusion coefficient Variations in the drift coefficient

The variations in the diffusion coefficient is denoted as Vega Similarly, we introduce the perturbed process for drift coefficient:

recisely,
precisely dx/c=xn"* [(,u(a‘)+s)dt+0'(at)dW1] (20)
OV (xy, )
vega = oo and the value function **(x,,a ) driven by X**
where o is a constant parameter. In our model, o(.) is a function on e o e )1
M, so there is no direct way of derivative. Instead, we introduce the Vai(x,ap) =e " E [¢(X T ) | X, = xo,a0:| @1

perturbed process:

ax7* = X7 () dt+ (o) + )W =

Accordingly, we have the solution to (20) as follows,

Xpe =x, exp[f; (ﬂ(au) +e- %Uz(au)jd” +, G(“H)dW"]

=X ,te[0,T]

Where e€R, X = X, = x, Accordingly, we define (22)

V7 () = B[ e THXT) | X = X0, | (16)

Through a similar computation as that of Vage, we have the
Then the variation in the diffusion coefficient is given by derivative of V¥(x,,a,) with respect to &:
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V" (xy,0) For any g : M > R, we see that '[Tcr(as)g(at)dt >0, with the
O isometry property of W(g), we have ~ °°
—r Dgg(X;) oXre
—eTE| 2220 20T |\ x =
¢ [ DgX;*  ou %, xo,ao} J.ng(a,)dt
Ded(X*) E[¥(e) |=E| —"—s (24)
_Te'.TE|:g<O_gS|X0 —xoaao} (J‘O O'(a,)g(az)dt)

By Cauchy-Schwarz inequality,

2
(jOTa(a,)g(a,)dt) <[ o*(@)di[ ¢ (et

<O’ g> |Xoxo’a0:i

for any deterministic function g: M > R and ¢€R. Therefore, we have

the following Proposition 3.4 for Lambda. Therefore, by (4.1)-(4.3), we obtain that
Proposition 3.4 For any payoff function ¢ € ¢, (R) with bounded Wy S E ( T )71
derivative, g: M>(0,e0), and (X)) ., ., defined in (2), we have Var[ (g)] - IO o (a,)dt

chosen in the weight is the constant number. However, in our case,
{g(?) = co(i) ; i € M} obtains a faster convergence than {g(i) = 1; i € M}
does, as shown in the following (Figure 1).

A= Te’TE[¢(XT)\Z(g)| X, =x,,q,

(0.8)

Where (o-,g) = J-OT o(a,)g(a,)ds

} In the case of Denis et al. [8], it is proved that the best function

Optimization of Convergence Extension to Non-Differentiable Payoff Function

In this section, by a similar arguments as Kawai et al. [16], we
show by Proposition 5.1 that the conclusion in Proposition 3.1 below
is able to be extended for non-differentiable payoft function in the
class A(R) defined as in Kawai et al. [16],

In this section, we aim at figuring out an optimal choice of g
for efficient Monte Carlo simulation. Based on the computation of
Theta in a jump diffusion model, Proposition 4.1 of Denis et al. [6]
minimizes the variance of the weight of Theta. In our model, there

exists such a problem too. We can minimize the weight by choosing a n
optimal ¢ € G. We gain a similar conclusion to that in Denis et al. [8]. A(R) = {f ‘R>R f= z.fflu,}’” 21 f,eC(RB
i=1
Proposition 4.1 The weight of Delta in (7) is (g):=W(g)/{0,2), then A are intervals of R}

the infimum on {var[¥(g)]; g: M->R}is attained when
Where

C,(R):={fec(R;R)| [(x)-f(y)|<k|x-y| for some K=0}
Proposition 3.4 For any payoff function ¢ € ¢,(R) with bounded

g(i) = c(i) i EM;

with a constant ¢ > 0, and is given by

-1
1gl:£ Var[¥(g)]= E{(J-OT o’ (a,)dt) } derivative, g: M>(0,%0), and (X)) ., ,, defined in (2), we have
—rT
Proof. Since W(g) and (0,g), are independent, we have E[¥(g)]=0and A= ex E ¢(XT)7<VZ_(§ )> | X, = %,., (25)
Var[¥(g)]= E[V(g)’] (23) 0 ’
x 1074 Computation of Delta
58 T T T T T T T T T
| — 9:1
56 A — g=Sigma(alpha) | |

54—“ 4

o
=]
T

1

Delta value
o
T
= —
T T
({
1

A Wi !
|| W\,ﬁ g vr-\ﬁ_\/-fh w“”\k\h(\h~ oty e s oL ]
“ 7 ARV i &=z
- pentra INT
sl | -, m‘n\"kil\‘.u.‘-‘ S i
44 1 1 1 1 \ \ 1 1 1
0 05 1 15 2 25 3 35 4 45 5

sample size «10%

Figure 1: Computation of Delta with respect to the number of samples.
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Where (a,g) = J.Ura(a:)g(a:)ds >0

Proof. For any ¢€A(R), there exists N>1 and a sequence {kE€R ;
i=1,...,N}and a list of disjoint sets (A ,...,A ) such that

#(x) =D [0, (x) > XR (26)
where f{x) € C,(R; R) with
[fte)-f)|<k|x-y|, xy€A, i=1,...,N, (27)

And Ai=(ai_1, at,], i=1,...,N,
With a = -e0 and a =0
(i) First, we prove that (25) holds for ¢€A(R)C!(R) Recalling

the definition (2.1) of (X)) oy WE let X0=x0>0, and for any eER we
define (Xf)le[o,r] by
. X tE
xe =2y ho,T) (28)
Xo

Without letting ¢ bounded, we can also show that ¢(X,) is
integrable. Since ¢ is continuous, by (27) we see that

lp(X,)- (X))

<max k, max | X, —gq, |+maxk max |x,-a,
iel,...N iel,...,N-1 €l,..N iel,..,.N-|

+ 2 ld@)-da)]

i,jel,..N-1

i
i€l,..

+ 2 |¢(a,-)—¢(a,)|

iyjel N1

< max k, (X + max. |a \)+maxk,. max |x,—a
N iel,...N iel,...N-1

which is integrable, hence the integrability of ¢(X ) is proved. On the
other hand, without the bounded derivative of ¢, we also show that
(10) holds, namely,

limV(X;)—«ﬁ(XT) X, =X0,ao}
&

[ HX7) - ¢(X)|X . a}

By (27) and definition (28) of X we see that
|¢(X€) P(Xr) )|X§—Xr = 1
£

—max ki
84,0 &0 xo 1<i<n

(29)

I< llm(max

1<i<n

which is uniformly bounded. Therefore, (29) is proved by Lebesgue’s
dominated convergence theorem and we have

iV(xo,[)’o) = llme’TE{ﬂX;)_(ﬁ(XT) | X, = xo,ao}
0x, &

_ E[ MLIRLOIY _xm%}

&

(30)

Relation (26) follows from (31) in the case §EA(R)NC'(R;R) by
repeating the arguments from (10) until the end of Subsection 3.1.

(ii) Finally, we extend from ¢€A(R)NC'(R) to the class A(R). We
will structure a sequence (¢, ) ., EA(R)NC'(R) approaching to ¢€A(R).
By e.g. Theorem 7.17 of Rudin et al. [17] or (3:6)-(3:7) in Kawai et al.
[16], it suffices to show that for all compact set K (0,00) we have

lim B[4, (X,)| X, = x,,] = E[§(X;) | X, = %,,] (31)

for any x, € Kand

llmsup|—E[¢ X)X,

n—>o

¢(X><W(g’>|x xo,aO}I:O (32)

:xo’ao]

xpeK

Since @EA(R) is continuous on every interval (“,-.p a[), i=1,...,N,

there exists a point wise increasing sequence (¢ )  EAR)INC'(R)
such that
limg, (x) = #(x) , xER\{a;, a,,..., a}. (33)

For any x€R\{a,, a,,..., a,}. there exist a N >0 such that for n>N_
we have |¢ (x)|<|p(x)|+1. Since (¢ ) EAR)NC'(R) by (29) we see
that, for any n=N_

|9(X7) |5l ¢, (x) |+ max &, (X, + max |a,|)

+maxk, max |x a, |+ Z |$(a,)—d(a,)]

iel,...,N

neN

<4, (x) | +1+ _rrllax k (X, + max la, )

+maxk max |x=a|+ Y |4(a)-g(a)]

which is integrable, hence we can apply the Lebesgue’s dominated
convergence theorem and by (34) we obtain (32). Regarding (33), it
follows from (i) that (25) holds for any ( JA(R)NC'(R), therefore

2

0 /4
gE[¢n(XT)|X0 =x0’a0]_E|:¢(XT)<Of§)> | X, =x0,a0:|

o

- E[@(X,) "(g) | X, :xo,ao}E{qp(XT) ") | X, =x0,ao}

(0.2) (0.2)
[ [(;ﬁ(X) 60X, )){”34 —xo,aoH

2

(34)

< E[(#(X,)-4,(X,)7 | X, —xo,%]E{W(‘g |X0=xo,ao}
where by (8) we have
E W(g) | Xy =xy,0, | <0

(0.2)

Define a decreasing sequence (f,) _, of continuous functions:

neN
F (x):=E[(p(X))-on(X,))2|X =x,)), nEN, xEK.
zy Dini’s theorem, f, (x) pointwise decreases to 0 on K. Therefore,
by (34), we complete the proof for (32).
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