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Abstract

Electron localization and tunneling in quantum dot (QD) arrays
are discussed in this paper. Various arrays of InAs/GaAs QDs
are modelled as laterally distributed dots, using single sub-band
effective mass approach with effective potential simulating the strain
effect. Triple QDs (TQD) configured in triangle and in linear chain
is considered. Electron localization in double quantum dot (DQD)
and in TQD is studied over the entire electron energy spectrum by
varying the geometry parameters of these QD arrays. The spectral
distribution of localized and delocalized states appeared very
sensitive to the violation of the mirror symmetry of the systems. The
effect of adding a third dot to a DQD is also investigated. We show
that the presence of a third dot increases the tunneling in the initial
DQD.
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Introduction

Due to their unique properties, nanosized semiconductor
heterostructures, such as quantum wells (QWs), quantum dots
(QDs) and quantum rings are of great interest for the development
of highly efficient nano-devices. Also the ability of growing dense and
uniform QD assemblies offers new ways for making new generation
of quantum devices. However, there are fundamental issues associated
with the practical use of QD assemblies. Actually, imperfections in
real world QD assemblies impede making efficient QD based devices,
and QD assemblies still perform poorly. For instance, QD based
third generation solar cells [1-3] have efficiencies much lower than
theoretical predictions [4-6] and even worse than QD-less photovoltaic
devices. Also, QD based optical and quantum computing devices are
still impractical [7-11], despite the varieties of theoretical studies and
device design. Nonetheless, the technological implementation of the
well-studied InAs/GaAs QDs is under way in various fields. More
interestingly, Ge, SiGe, and Si QD arrays have been introduced in large
scale optoelectronic integration [12], as well as in third generation
solar cells. Also IT-VI QDs have been utilized in ultra-bright and pure
color display screens [13].

Primary steps for studying large QD assemblies consists in
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detailed investigation of Double Quantum Dots (DQDs), triple
quantum dots (TQDs), QD rings, and QD chains. DQD and TQD are
important at the fundamental level, as well as for future technologies.
In particular, TQD system has received special attention in connection
to electron confinement [14,15] and charge transport [16,17] for it is
considered as the building block of two-dimensional quantum arrays,
and an essential element for quantum computing. Special emphasis
on tunneling, in such systems, stems from its importance for device
performance [1]. Hence, we studied electron energy spectra and
electron tunneling in InAs/GaAs DQD and TQD quantum systems.
We compared the tunneling in these QD systems with chaotic and
regular geometries, taking into account recently published results,
for instance [18] as evidence of tunneling rate regularization in
chaotic systems. Also, we confirmed a strong influence of the system
boundaries on the tunneling rate.

Known fabrication technologies always yield, at best, slightly
dissymmetric quantum dots and arrays. Dissimilar QDs in the form
of truncated disks with atomically flat top surface have been reported
in [19]. Such systems induce several convoluted quantum behaviors,
for example the drastic change in charge carrier tunneling due to small
violation of symmetry, asymmetry induced fine-structure splitting
[20], and strong influence of charge transport by chaotic behaviour of
such systems [21]. To be noted, chaos and tunneling in the meso- and
nano-scale material features have an inalienable relation [22]. These
phenomena are highly important for modern and future technologies
as mirrored by the relatively long scientific debate [23-28]; for recent
review see [29] and references there in.

With regard to charge dynamics in QD arrays, it has been recently
demonstrated [30] that spectral distribution of electron localized/
delocalized states and the tunneling in DQDs are highly sensitive
to the violation of the geometrical symmetry of QD array and their
constituents, see also [31]. The tunneling is a fundamental mechanism
of charge transfer in electron confining materials; it is best described
by the classical model of wave transmission across the potential barrier
of a double well [32,33]. One of the main features of this so called
dynamical tunneling [34] is for example the splitting of the energy
of the degenerate pairs of levels induced by the coupling between
nano-objects. In such quantum system, the wave functions are linear
combinations of the electron wave functions bound to the isolated
nano-objects [35,36].

In present work, we study single electron localization and
tunneling in Triple Quantum Well (TQW). We consider this system
as a double QW weakly coupled to a third one, and we study the
tunneling in the DQW effected by the third QW. We investigate the
effect of coupling on induced states as well as the sensitivity of the
tunneling to small symmetry violation.

Theoretical Model

In this work, we consider InAs quantum dots formed within
GaAs layers. We focus on observed phenomena in InAs/GaAs QDs
that could be approximated as two dimensional quantum wells
(QW). The extension to three-dimensional models requires larger
computing resources for numerical modelling, however it does not
add fundamental insights.
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A variety of QDs is modelled [37] based on the kp-perturbation
single sub-band effective mass approximation. In these cases, the
problem is mathematically formulated by the Schrodinger equation:

(F,,+V, (r)+V, (r)¥ (r)=E ¥ (1) )
. A ;

where H,, is the single band kp-Hamiltonian operator ,, = -V RV,

m”* is the electron effective mass, which depends on the radial position
of the electron, thus can be written as m*(r), and Vc(r) is the band
gap potential. The Ben-Daniel-Duke boundary conditions [38] are
used at the interface of the QW material and the substrate. We use the
confinement model proposed in [38] for the conduction band. Both
potentials Vc(r) and Vs(r) act inside the QWs. While the potential
Vcis attractive, the potential Vsis repulsive. The latter is added to
simulate the strain effect in the InAs/GaAs heterostructure. We do
not correct the electron mass, for instance, by taking into account
the non-parabolic approximation, because of its small effect on this
quantum system [29].

Inside the QD the bulk conduction band offset is null, i.e., Vc(r)=
0, while it is equal to Vc outside the QD. The band gap potential for the
conduction band is chosen to be Vc(r)= 0.594 eV. The bulk effective
masses of InAs and GaAs are m; =0.067m, and m; =0.067m,

respectively, where m, is the free electron mass.

The magnitude of the effective potential Vs(r) that simulates the
strain effect is adjusted so to reproduce experimental data for the InAs/
GaAs quantum dots. The adjustment depends mainly on the materials
composing the heterojunction, and on the QD topology, to a lesser
degree. For example, the magnitude of Vs for the conduction band
chosen in [39] is 0.21 eV. This value was obtained in [40] to reproduce
the results obtained based on eighth band k.p calculations for InAs/
GaAs QDs. The value of 0.31 eV was obtained from experimental data
reported by Lorke et al. [41]

Numerical solution of Equation (1) gives the wave function and
energy of a single electron in isolated QW or in pair of QWs (DQW) or
in array of QWs. Upon appropriate choice of sizes of QWs, the system
demonstrates atom-like electron energy spectrum that encompasses
hundreds of confined electron levels.

To describe the tunneling of a single electron in a DQW, we
define (for each energy level) a localization parameter o as follows:

o= NN
Nk,l+Nk,2
which varies within the range of [-1,1]. N, is the probability
of electron localization in the Q . region, hence it can be written as
Nk,Y =f Qy |D(xy)|?, where y =1,2 and @, (x,y) is the electron wave
function for k=1,2,...., the energy quantum numbers that constitute
the electron spectrum in a DQW.

For the ideal case of QW, and QW, having the same shape and
size, the electron presence in either QW (Q,) or QW ,(Q,) has equal
probability. For this state, the electron is delocalized and ¢ = 0.
The cases of ¢ equal or very close to 1 or -1 correspond to electron
localization either in QW or QW, .

Results and Discussion

Atom-like system

In a double quantum system, the single electron spectrum is

composed of a set of symmetric and anti-symmetric state pairs
(quasi-doublets). As example, two wave functions of the quasi-
doublets are presented in Figure 1, for strongly coupled QWs. In that
case, the parameter o is equal to 0 for either of the two quasi-doublet
members. These electron states are delocalised. Energy splitting
between members of the quasi-doublet is used as the tunneling rate.
Akin diatomic molecules, the DQD appears to have two states, each is
characterized by an energy level similar to bonding and anti-bonding
energy of the molecule. In molecular physics, chemical reactions
lead to transition from one quantum state to another, which result
in dissociation or association of the constituent atoms. The case of
weakly coupled DQW can be obtained from initial state of separated
QW:s by reduction of inter-dot distance. The localization parameter ¢
being within the interval -1< ¢ <1 allows the probability of electron
localization on the left and on the right QW to vary and to be
eventually different.

Double quantum wells

A pair of adjacent discs acting as QDs are assimilated to be a two
dimensional double quantum well (DQW). Ideally symmetric or
nearly symmetric quantum wells are important to current study. An
example of experimental possibility for highly symmetric, elongation-
free QDs was reported [42]. Dynamics of localized and delocalized
states along electron spectrum in DQW with dependence on inter-
dot distance was studied [30]. It was shown that tunneling between
QWs occurs from high energy levels to the ground state as inter-dot
distance consistently decreases. The electron spectrum appears to
have three components resulting from: localized states, delocalized
states, and states with different probability for localizations in the left
and the right sides of the DQW. Noteworthy is the extreme sensitivity
of the spectral distribution of the third component to small variations
of QW shape, which violate left-right symmetry of the DQW.

This fact can be explained by the dependence of total wave
function of “two level” quantum system [32] on the energy difference,
AE, , between left and right subsystems, considered isolated. One can
write electron wave functions of a quasi-doublet (for one dimension
system) as a combination of wave functions of isolated QWs (i.e.,
basis set):

¥ =cos(6 /2)¥ 5 + sin(6 /2)¥ *
Y =-sin(0 /2)¥ > + cos(0 /2)'¥ * @)

where tan(@)zZW/AEL2 with 0 < 0 < 7, W is matrix element of

confinement potential of left (respectively, right) QW with wave functions

b)

a)

Figure 1: Bonding and anti-bonding like states in artificial molecule made
of two strongly coupled InAs/GaAs QWSs. Ground state quasi-doublets has
energies of a) 0.2432 eV and b) 0.2442 eV. The QWs are considered identical.
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W (respectively, ) of isolated QWs. Competition of AE, and W

effects defines the type of localization in the system. The wave functions
are expressed by the formula @ _—(p 4w )2 and W= + W™ VA2

for the ideal case of identical QWs, that is when AE =0. Such situation is

seen in Figure 1 for delocalized states of a single electron. The localized
states appear for isolated QWs when AE, , # 0, and W=0. The states
with different probability for locahzatlons in the left and the right
sides of the DQW appear for the values of AE, , and W which provide
non-trivial coefficients in the form given 1n equation (2). Inverse
dependence of the coefficient on AE_, leads to high sensitivity of the
wave function to variation of geometry of the left and right QWs.
Due to numerical errors, related to discretization of Equation (1) on
a finite coordinate mesh, the ideal situation of identical QW' cannot
be realized in the presented numerical modeling. We estimate that the
results presented in this paper have numerical error for AE , of about
107eV, considering “identical” QWs.

Typical spectral distribution of localized/delocalized states in
DQW is shown in Figure 2 through the variation of ¢ parameter as
a function of inter-dot distance. One can see that the o parameter, as
well as the quasi quadruplets and quasi doublets that readily appear
in the DQD spectrum, are symmetric about ¢ = 0 axis. Calculations
showed that if the inter-dot distance is less than 10 nm then all
electron states are delocalized. However, when the distance is larger
than 36 nm, no delocalization occurs and the QWs can be considered
as isolated. When the inter-dot distance is between the values 10 nm
and 36 nm, there are localized, delocalized and intermediate states
in the spectrum. Dynamics of the spectral distribution of localized/
delocalized states can be described as follows: delocalized states
consequently appear at the upper levels of the spectrum when the
DQW inter-dot distance is decreased from initial value of 36 nm.

Sensitivity to symmetry breaking

The sensitivity of the tunneling in DQWs to symmetry violation is
illustrated in Figure 3, where o, parameter (specifically describes the
tunneling between QW, and QW,and characterizes the localization)
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Figure 2: 0 parameter versus the electron spectrum in InAs/GaAs DQW. The
QWs are “identical” and have radius of R=13 nm. For inter-dot distance a)
a=14 nm, all states are delocalized states; For b) a=10 nm c) a=28 nm b) and
c) a =36 nm, there are localized, delocalized, and intermediate states.

is shown as a function of the energy of electron confined states for
different values of n (asymmetry parameter n= (R -R )/R where R,
and R, are the radii of left and right QWs). The spectral dlstrlbutlon
for 1deally symmetric DQW (1 =0) encompasses totally delocalized
states. A small symmetry violation (e.g., n = 0.8%) changes the
electron localization distribution to completely localized. It can
be shown that the sensitivity of the localization parameter varies
as 1/AE? where AE is the energy difference of the same level when
considered in isolated left and right QWs. According to this relation,
small symmetry violations, when AE 0, results in strong variations
of electron localization.

We further demonstrate in Figure 4 (see also [30]) that the spectral
density D(o), which readily shows the distribution of localized/
delocalized states of the DQW, is largely affected by the slightest
asymmetry of the DQW configuration. In Figure 4 (a), a small
dissymmetry appears, indeed, in the delocalized state distributions
for the QW radii ratio {= 0.9975, the case of a slightly asymmetric
DQW. Electrons are delocalized for most energy levels when inter-
dot distance is zero (QWs are in close contact). This situation quickly
changes when the distance increases to 3 nm, where most electron
levels become localized. For a stronger asymmetry of DQW, for
instance (= 0.875. (Shown in Figure 4 (b)), the electron probability is
higher in the vicinity of the larger QD (on the right side), independent
of the inter-dot distance. In contrast to the previous case, all electron
states are mostly localized. For a distance null (when the QWs are
in close contact), the distribution turns out chaotic, without any
discerned peak.

Generally, violation of the DQW geometrical symmetry changes
the inter-dot distance threshold beyond which the tunneling between
the dots becomes possible. For identical QW' considered in previous
section, a distance of less than 36 nm is required for electron tunneling.
This distance is significantly smaller for asymmetric DQWs. One can
clearly see in Figure 4 (a) that the distance is about 3 nm for DQW
that has an asymmetry of {= 0.9975.
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Figure 3: Localization parameter o,, for DQW along the electron spectrum
for different asymmetry values (parameter n). Violation of left-right symmetry
results from the variation of the right QW radius (R =13 nm). The inter-dot
distance a is fixed to 10 nm.
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Effect of media: The modification of the tunneling in DQD by a
third QD is understood as the effect of media on the electrons. Triple
quantum well (TQW) array is considered with various configurations,
in particular triangular and linear QW arrays. We focus on two
effects, the first is related to adding a third quantum well (QW,) to
the system of two quantum wells (QW, and QW,) and the second
is related to small violations of symmetry though changes of QW
positions in TQW. We assume a weak coupling of the QWs within
the TQW. The changes in the electron localization dynamics over the
whole spectrum is studied for a pair of QWs by varying the inter-dot
distances within the TQW. Figure 5 shows the TQW geometry and its
defining parameters. The QWs are assumed identical. The dot radii
were chosen to be R=R =R ,=13nm. The height b and the distance a
between QW, and QW have been varied. The distance between QW
and QW, (which is equal to that between QW, and QW) is given as

a,,=y/(a/2 +R)*+(b+R)* 2R .

The spectral distribution of delocalized states in DQW and the
effect of adding a third QD to form a TQW was modeled. In the
TQW, the QWs were arranged in isosceles triangular configuration
(see Figure 5). To analyze spectral distribution of localized and
delocalized states within the TQW, we selected QW and QW, to form

— a=1nm

a=0nm

D(c) (a.u.)

—— a=1nm
—=—-a=3nm

a=0nm
15- we-ca=2nm

D(c) (a.u.)

b)

Figure 4: Spectral density function of o, for different inter-dot distance a, in
the case of asymmetric DQWs (described by ¢=R,/R,) with a) R,=40 nm and

R,=39.9 nm (¢=0.9975) and b) R,=40 nm, and R,=35.0 nm ({=0.875).

a DQW subsystem, and studied the modification of the tunneling and
the electron states by QW,. As seen above, the tunneling in isolated
DQW goes consecutively from high energy levels to the ground state
when the inter-dot distance is decreased. The behavior of tunneling
in DQW, within the TQW, is shown in Figure 6; it appears similar to
that in isolated DQW. The spectral distribution of delocalized states in
DQW demonstrates that the tunneling increases when the third QW
gets closer to the QD pair. The tunneling parameter o is presented
in Figure 6, for three TQD configurations, where the height of the
isosceles triangle is decreased from 63, to 43, to 33nm. As the third
quantum dot gets closer to the others, significant tunneling occurs
for the energy levels less than 0.55, 0.45, and 0.37 €V, as respectively
shown in Figure 6 (a-c). Consequently, the part of electron spectrum
of delocalized states is decreases.

Further effects of the third QW interacting with the DQW is
shown in Figure 7, where the spectral distribution of delocalized
states in the DQW are compared to that of the same DQW associated
with the third QW (i.e., forming a TQW). For the latter, one can see
that the number of delocalized states in the spectrum is larger than
in the DQW. In addition, the energy for localization-delocalization

Figure 5: Three InAs/GaAs triangular QW array (TQW). The radius of the
dots is R=13 nm. The inter-dot distance between QW, and QW, is a. The
defined distance b between the edge of QW, and the QW,-QW, axis.

0.;_ b=63 nm
o0 |
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02 03 04 05
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0.5- 5 '
g0 o o B +5
05 '
4: oo i ] & 1 .
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b) E(eV) C) E (eV)

Figure 6: o parameter and spectrum of the DQW subsystem of the TQW, in
case of symmetric triangular configuration (i.e., horizontal shift of third QW
relative to the symmetry axis is null, d=0). The inter-dot distance is a=36 nm.
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transition is lower for TQW, i.e., 0.368 eV versus 0.452 eV. Thus,
the addition of a QW to the DQW drastically changes tunneling
properties of the DQW, and the coupling is enhanced in the DQW.

Asymmetry and tunneling in TQW

Figure 8 shows the effect of symmetry breaking on the o parameter
describing the tunneling in TQD, where the location of the third QW
is modified relative to the mid-point by d, indicated in Figure 10 (b).

As can be seen in Figure 8, the commonly understood spectral
distribution of the localized/delocalized states appears “chaotic”. This
infers that the symmetry breaking weakens the coupling between
QW pairs and decreases the number of delocalized states. To further
demonstrate the effects of symmetry violation, we show in Figure 9,
the spectral distribution of the o parameter for two such cases. The first
is the spectrum of totally delocalized states of a DQW; for each level of
the spectrum the electron is delocalized. The second corresponds to
the situation where the TQW symmetry is violated; this was achieved
through shifting the third QW by d=1 nm. One can see that electron is
localized for most spectral levels. The effect is strong, though the shift
of the third QW is only 9% of the inter-dot distance a,,.

To elucidate the effect of topology combined with symmetry
violation by QW position within the TQW array, a linear configuration
of identical QWs is utilized. The o, parameter was calculated for
the ground state of an electron in TQW for different values of the
asymmetry. The position of third QW relatively to the center of the a ,
distance is shown in the inset for d=+/-1 nm. The shift d changes the
quantum states from delocalized to localized, where electron is either
bound to QW, or QW,

101 *+ pQW . TQW
0.5 , o
b 0.0 coed ] e
05 '
A0l o oo

02 03 04 05 02 03 04 05
a) E (eV) b) E (eV)

Figure 7: Influence of the location of third QW on the tunneling between QD,
and QD,, shown through the o energy spectra of DQW (a) and TQW (b) Inter-
dot distances between QWs of the DQW is a=34 nm. Distance between QW
number 3 and center of distance between wells 1 and 2 is 30 nm.

107 + » I - )
. d=0 L v d=1nm
051 i ‘
g 0.0] HE T ] .
0.5 ] 1. . .
-1'0_ T :"2\" LI T B P S 1 T T 'I‘ '. T T .-'
02 03 04 05 02 03 04 05
a) E (eV) b) E (eV)

Figure 8: o parameter and spectrum of TQW for different symmetries defined
by the position d of QW, relatively to the QW, and QW, mid-point: a) d=0, b)
d=1 nm. The inter-dot distance between QW, and QW, is a=36 nm.

15 d=1
] .ﬂmi v . °
] s ®
0.57 L .
g O_:d=é) 0 o o = o o
: L
0.5 . :
| :
i L .
-
-1 | .
LANLNLL L L L L L L L L L L L L L B
0.2 0.3 0.4 0.5 0.6
E (eV)

Figure 9: o,, parameter along with the electron energy spectrum for a
triangular TQW. The inter-dot distance is a=12 nm and b=23 nm. The data is
obtained for two values of TQW asymmetry, (¢=d/a,,) defined by d the shift
of QW, position relative to the triangle upper vertex. Open squares and solid
circles are for d=0 nm (¢=0) and for d=1 nm ({=0.092), respectively.

Results for calculated o, are shown in Figure 10 (a), for different
values of asymmetry parameter (=d/a,,, where d is the shift of QW,
(relative to QW, - QW, midpoint), and a,,the QW, - QW, separation
distance, see the inset of Figure 10 (b). The electron initial state
is localized and o, = 0 for all spectral levels. The tunneling to
delocalized state is suppressed when { is larger than 0.1, as shown
in Figure 10 (b). The threshold for delocalization suppression
differs for different parts of the spectrum. For low-lying levels,
the localized state is reached with smaller values of asymmetry
{. Comparing the effects of symmetry breaking (Figures 9 and
Figure 10), one can conclude that for TQW these effects are not
as large as for DQW. Similar result was obtained above for TQW
with triangular configuration, shown in Figure 9. The tunneling
from delocalized to localized state occurs when the asymmetry is
larger than 9%.

Conclusion

We studied the spectral distributions of localized/delocalized
states in DQWs and TQWs. The single electron spectra in DQW have
shown three parts: localized levels (akin of those of isolated QW)
when the electron is in one of QWs, levels with different probability
for the electron to be in left or right QW (weakly coupled wells), and
delocalized levels when the coupling is strong and the probabilities are
equal. We showed that the tunneling in DQW is extremely sensitive to
small asymmetrical variations of the QW shapes.

For TQWs, we correlated the tunneling between a pair of QW
to the position of third QW (QW,). The tunneling in the DQW is
enhanced as the third QW is added to the system. The influence of
QW, on the tunneling is interpreted as an “effect of the medium’.

We found that the tunneling is very sensitive to the position
of the third QW relative to the pair. In particular, variations of
TQW geometry, while violating the symmetry of the system, leads
to decreasing the number of localized states of the spectrum. As a
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Figure 10: a) The localization parameter o,, defined for the QW, and QW, pair
in the TQW along with the electron spectrum. The chain configuration of TQW
is considered. Inter-dot distance is a=37 nm. Results for different asymmetry
(¢=d/a,,) defined by d, the shift of QW, relative to the QW,-QW, midpoint. The
solid circles correspond to d=0. b) Parameter |012‘| for the electron ground
state as a function of ¢, the QW, position asymmetry within TQW. In the inset,
the chain configuration of TQW is shown (a,,=48 nm, a,,=11 nm, and R=13
nm).

result, the tunneling between the QWs significantly decreased. Such
sensitivity is technologically important for future quantum devices as
well as next generation photovoltaic cells.
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